We classify all infinite 2-generator groups of nilpotency class two and determine their non-abelian tensor squares.
Introduction.
For a group G, the non-abelian tensor square G ⊗ G of a group G is generated by the symbols g ⊗ h, g, h ∈ G, subject to the relations
for all g, g ,h,h ∈ G, where g g = gg g −1 . The non-abelian tensor square is a special case of the non-abelian tensor product which has its origins in homotopy theory and was introduced by Brown and Loday in [4, 5] .
In [3] , Brown et al. started the investigation of non-abelian tensor squares as group theoretical objects. One of their main goals is the explicit computation of non-abelian tensor squares. The topic of this paper is the classification of infinite 2-generator groups of nilpotency class two and the determination of their non-abelian tensor squares. In [1, 7] , this was done for 2-generator p-groups of class two, for p an odd prime or p = 2, respectively. Thus this paper completes the classification of 2-generator groups of class two and determination of their non-abelian tensor squares. For an overview of non-abelian tensor squares which have been determined, we refer to [6] and also to [2] , where infinite metacyclic groups were classified and their non-abelian tensor squares determined.
The classification.
In this section, we classify the infinite 2-generator groups of nilpotency class two up to isomorphism. As a preliminary step, we classify the above groups which are split extensions of a p-group by an infinite cyclic group. 
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Proof. Let G be a group as in the hypothesis. Since G is nilpotent of class less than or equal to 2, P is abelian. Suppose first 
where 3. The tensor squares of groups of class two. In [1, Proposition 3.3] , it was shown that the tensor square for a group of class two is abelian. This fact helps us in using the concept of crossed pairing in our computations. We define it here in the case relevant for non-abelian tensor squares.
Crossed pairings allow us to determine homomorphic images of G ⊗ G as follows.
In this section, we also include two results that will be used in the next section. First, suppose we are given groups H, G, K, and L, where G and L are homomorphic images of H and K, respectively. The following proposition enables us to find a crossed pairing from G × G to L given a crossed pairing from H × H to K, provided certain conditions are met. Proposition 3.3 [7] . Let G, H, K, and L be groups with π : 
The second result is a lemma on finitely generated abelian groups. The proof is easy and thus omitted here. Observe that we say that a nontrivial element in an infinite cyclic group has order zero. 
Computation of the tensor squares.
In this section, we determine the tensor squares of the groups classified in Section 2 beginning with the squares of groups of type (2.5). 
Theorem 4.1. Let G be a group of type (2.5). Then
where
Since m, m ,n,n are unique integers and l, l are unique modulo k, it follows that θ is well defined. As in [1] , θ is a crossed pairing. By Proposition 3.2, the mapping θ defined above lifts to a homomorphism 
Proof. Let G be a group of type (2.1) with p prime, p ≠ 2. It follows that G ⊗ G is generated by a⊗a, b ⊗b, a⊗b, b ⊗a, a⊗c, 
Since m, m are unique modulo p α , n, n are unique integers, and l, l are unique modulo p γ , and in addition α ≥ γ ≥ 1, it follows that θ is well defined.
Next, we show that the mapping θ is a crossed pairing. By [1, Proposition 3.7], the mapping ψ : Ᏼ × Ᏼ → Z 6 , defined as θ, but m, n, l, m ,n ,l just being integers, is a crossed pairing. Now, equations (3.1) hold componentwise for ψ as identities in integers. It follows that they hold as congruences modulo any integer. Since, at the same time, the modules given for z 1 , z 3 , z 4 , z 5 , and z 6 are the largest for which θ is well defined, we conclude that θ is a crossed pairing. By Proposition 3.2, the mapping defined above lifts to a unique homomorphism θ :
, where the generators of G ⊗ G, as given above, map to the corresponding generators of L. Furthermore, by the order estimates established before, the order of a generator of G ⊗ G divides the order of the corresponding generator of L. Thus, by Lemma 3.4, it follows that θ is an isomorphism and G ⊗G Z 
Proof. Let G be a group of type (2.1) with p = 2. We have two cases, namely, α > γ and α = γ. The first case follows from the proof of Proposition 4.2, setting p = 2 and observing α > γ. So we omit the details. Now, let α = γ. From [1, Proposition 3.5], it follows that G ⊗ G can be generated by
We now establish order bounds for the generators of G ⊗ G with the exception of b ⊗ b. First, notice that the expansion formula as before yields 1 ⊗ = (a ⊗ c) 2 γ and
, and 
, where
(4.9)
Suppose now that h ∈ ker π , then m ≡ l ≡ 0 mod 2 γ and n = 0. Thus l 1 ,l 2 ,l 4 ,l 5 , and l 6 are obviously trivial in L. As for l 3 , the terms of the right side can be rearranged as
(4.10)
Since α = γ, we have m ≡ l ≡ 0 mod 2 γ and n = 0. Therefore, 2m ≡ 2l ≡ 0 mod 2 γ+1 , 2n = 0, and
Since the diagram of Proposition 3.3 commutes for ∆ and ϕ•ψ is onto, we conclude that ∆ is onto. Thus, by Proposition 3.2, ∆ lifts to a homomorphism ∆ of G ⊗ G onto L, where the generators of G ⊗ G map to the generators of L. Furthermore, by the order estimates established before, the order of a generator of G ⊗G divides the order of the corresponding generator of L. Thus, by Lemma 3.4, it follows that ∆ is an isomorphism and
The metacyclic groups of type (2.2) can be viewed as a special case of groups of type (2.3), for which σ = 0, that is, the torsion subgroup has rank one. Thus, the tensor squares of groups of type (2.2) are obtained together with those of type (2.3). Now, we determine the tensor square for a group of type (2.3) and (2.2), dealing with the cases p ≠ 2 and p = 2 in two separate propositions. 
Proposition 4.4. Let G be a group of type (2.3) or (2.2) with
Since α + σ ≥ 2γ and p ≠ 2, this implies that (a ⊗ z) (
(4.14)
Multiplying (4.13) and (4.12) yields
obtain l i (h, h ) in terms of x i (h, h ) as given above, 
Now, we establish order bounds for some of the generators of G ⊗ G. Notice that c = za −2 α−γ by (2.3). Following along the lines of the proof of Proposition 4.4, we get
Multiplying (4.21) and (4.22
Next, we give an estimate for the order of a ⊗ b. Since α > γ, expansion of a 2 α ⊗ b
Finally, we estimate the order of a ⊗ a. We obtain 
The rest of the proof follows directly from the proof of Proposition 4.4, with p replaced by 2 and taking l i (h, h ) modulo the appropriate powers of 2. Thus (2.2) . Then
(4.25)
Our concluding theorem (Theorem 4.7) determines the tensor square of a group of type (2.6). To that end, we mention again that the non-abelian tensor square of an abelian group is just the standard abelian tensor. Thus, for groups of type (2.4), we have G ⊗ G G ⊗ Z G. Theorem 4.7. Let G be a group of type (2.6) , that is, 
